The study of the Fréchet-Urysohn property with respect to a family of subsets started by Reznichenko and this author in relation to the problem of Malykhin on the existence in ZFC of a separable nonmetrizable Fréchet-Urysohn topological group is continued. A simple characterization of spaces Fréchet-Urysohn with respect to finite subsets is given. It is proved that the Fréchet-Urysohn property in lattice-ordered spaces and groups and their subspaces often implies stronger Fréchet-Urysohn properties with respect to families of subsets in many situations. 
Introduction
The Fréchet-Urysohn property with respect to a family of subsets was introduced by Reznichenko and this author in [13] . This property proved quite natural and convenient in studying Fréchet-Urysohn spaces with additional structures, such as topological groups, linear spaces, and function spaces. In particular, the existence of a countable nonmetrizable space with one nonisolated point Fréchet-Urysohn with respect to finite subsets implies the existence of a separable (or, equivalently, of a countable) nonmetrizable Fréchet-Urysohn topological group and even locally convex space; note that the problem of the existence of such a group in ZFC, which was stated by Malykhin more than fifteen years ago and had inspired us to introduce and study the Fréchet-Urysohn property with respect to families E-mail address: sipa@sipa.mccme.ru (O.V. Sipacheva).
0166-8641/02/$ -see front matter  2002 Elsevier Science B.V. All rights reserved. PII: S 0 1 6 6 -8 6 4 1 ( 0 1 ) 0 0 1 2 5 -0 of subsets, is still open. The existence of a countable nonmetrizable space with one nonisolated point Fréchet-Urysohn with respect to sequences converging to this point implies the existence of a complete separable nonmetrizable Fréchet-Urysohn locally convex space. On the other hand, for some spaces (such as function spaces with the topology of pointwise convergence), the Fréchet-Urysohn property implies the Fréchet-Urysohn property with respect to finite subsets. This paper continues the study of spaces Fréchet-Urysohn with respect to families of subsets, largely for lattice-ordered topological spaces and groups.
Let us recall some basic definitions and results from [13] . For a topological space X and x ∈ X, a family A of subsets of X is a π -network at x if every open neighborhood of x contains some A ∈ A; a sequence {A n } n∈ω of subsets of X converges to x (A n → x) if every open neighborhood of x contains all but finitely many A n 's.
Here and in what follows, we do not require that convergent sequences have infinitely many different terms. When we say that a set or family of sets contains a sequence converging to some point, we mean that all terms of the sequence are contained in this set or family of sets and they are enumerated so that any open neighborhood of the limit point contains all terms with sufficiently large numbers.
Definition [13] . Let X be a space, x be a point in X, and λ be a family of subsets of X. We say that x is an FU λ point (Fréchet-Urysohn with respect to λ), or X is FU λ at x, if an arbitrary π -network A ⊂ λ at x contains a sequence {A n } n∈ω converging to x.
If X is FU λ at each point, then X is an FU λ space.
In other words, x is an FU λ point in X if an arbitrary family A ⊂ λ such that every neighborhood of x contains some A ∈ A has a countable subfamily {A n } n∈ω such that every neighborhood of x contains all but finitely many sets A n . For example, if λ is the family of all singletons in X, then the FU λ property coincides with the usual Fréchet-Urysohn property, and if λ is the family of all subsets of X, then X is FU λ at x if and only if X is first countable at x: it suffices to consider the π -network at x formed by all open neighborhoods of x. If λ ⊂ λ , then FU λ obviously implies FU λ ; in particular, first countability implies the FU λ property for an arbitrary λ. The most interesting nontrivial Fréchet-Urysohn-type properties of this kind are those with respect to finite subsets and convergent sequences.
Definition [13] . Let X be a space and x be a point in X. We say that x is an FU f point (FU s point) if it is Fréchet-Urysohn with respect to the family of all finite subsets of X (of all sequences converging to x).
A topological space is FU f (FU s ) if every its point is FU f (FU s ).
Recall [1] that a point x ∈ X is an α 1 -point (α 2 -point) if, for any countable family {ξ n } n∈ω of sequences converging to x, there exists a sequence η converging to x such that |ξ n \η| < ℵ 0 (|ξ n ∩ η| = ℵ 0 ) for all n ∈ ω. A topological space is α 1 (α 2 ) if all its points are α 1 (α 2 ).
Proposition [13] . An arbitrary FU f (FU s ) point in a topological space is α 2 (α 1 ).
Thus, every FU f space is a Fréchet-Urysohn α 2 -space, and every FU s space is a Fréchet-Urysohn α 1 -space.
In [13] , countable non-first countable FU f and FU s spaces with one nonisolated point are constructed under the set-theoretic assumptions p = b and d = ω 1 , respectively; there is no example of such an FU s space in ZFC, because it is independent of ZFC whether all countable α 1 -spaces are first countable: countable non-first countable Fréchet-Urysohn α 1 -spaces exist if, e.g., p > ω 1 or p = b [11, 12] ; on the other hand, there exists a settheoretic model where all countable α 1 -spaces are first countable [6] (there also exists a model where the classes of α 1 -and α 2 -spaces coincide [5] ). It is however unclear whether or not there exists a ZFC example of a countable non-first countable FU f space. In this respect, studying countable FU f spaces is more interesting than studying countable FU s and, in general, FU λ spaces, where λ is a sufficiently rich family of infinite sets, because the latter only promise consistent results.
In [13] , for each space X with one nonisolated point, we construct a Boolean topological group G and a locally convex topological linear space L such that X ⊂ G ⊂ L, the cardinality of G and the density of L coincide with the cardinality of X, and the following equivalences hold ( G and L are the completions of G and L, respectively):
Thus, constructing a countable non-first countable FU f space in ZFC is of great interest with regard to Malykhin's problem cited above.
n-FU f spaces
The problem of the existence in ZFC of a countable non-first countable FU f space proved very difficult; it is therefore natural to start with examining spaces having some weaker FU f -like properties, say, Fréchet-Urysohn with respect to finite sets of bounded cardinality.
Definition 1 (P.J. Szeptycki). Let X be a topological space, x be a point in X, and n be a positive integer. We say that x is an n-FU f point if it is Fréchet-Urysohn with respect to the family of all finite subsets of cardinality n in X.
If x is an n-FU f point for every n ∈ ω, then x is a boundedly FU f point.
Note that the property of being a boundedly FU f point or space does not imply the FU f property. P.J. Szeptycki constructed a consistent example of a countable boundedly FU f non-FU f space and proved the existence in ZFC of a countable boundedly FU f nonfirst countable space (private communication). It remains however unclear whether or not there exists in ZFC a boundedly FU f non-FU f or a FU f non-first countable space. The following simple assertion sheds light on the relations between the n-FU f properties.
Proposition 1. A point x in a topological space X is n-FU f if and only if the point
Proof. To prove the "only if" part, we have to show that an arbitrary A ⊂ X n with (x, x, . . ., x) ∈ A contains a sequence {a n } n∈ω converging to (x, x, . . ., x). For each y = (y 1 , y 2 , . . . , y n ) ∈ A, consider F y = i n {y i }; F y are finite subsets of X of cardinality n. Let us show that they form a π -network at x. Let U be an arbitrary open neighborhood of x in X. Since (x, x, . . ., x) ∈ A, there exists (y 1 , y 2 , . . . , y n ) ∈ A ∩ U n . We have y i ∈ U for each i n; therefore, F y ⊂ U . Thus, the family {F y : y ∈ A} of finite subsets of X of cardinality n is a π -network at x. It contains a sequence {F y (k) } k∈ω converging to x. The corresponding sequence {y (k) } k∈ω converges to (x, x, . . ., x) in X n . Indeed, let U be an arbitrary open neighborhood of (x, x, . . ., x) in X n . There exists an open neighborhood V of x in X such that U ⊂ V n ( (x, x, . . ., x)). The neighborhood V contains all but finitely many sets F y(k) ; this means that V contains the coordinates of all but finitely many y (k) , i.e., V n (and hence U ) contains all but finitely many y (k) .
The "if" part is proved similarly. Let A be a π -network at x consisting of finite subsets of X of cardinality n. For each F ∈ A, let us somehow enumerate its elements and consider the point y F = (y 1 , y 2 , . . . , y n ) whose first |F | coordinates coincide with the corresponding elements of F and the remaining n − |F | ones (if there are any) equal, say, the last element of F (actually, we only need that the set of the coordinates of y F coincide with F ). The point (x, x, . . ., x) ∈ X n belongs to the closure of {y F : F ∈ A} in X n , because an arbitrary open neighborhood of (x, x, . . ., x) of the form U n contains y F whenever F ⊂ U , and A is a π -network at x. Hence, there exists a sequence {y F (k) } k∈ω converging to (x, x, . . ., x) in X n ; the corresponding sets F (k) form a sequence converging to x, because F (k) , being the union of the coordinates of y F (k) , belongs to each neighborhood U of x such that y F (k) ∈ U n . ✷
Corollary 1. A topological space is boundedly FU f if and only if all its finite powers are Fréchet-Urysohn at the diagonal points.
The FU f property has a similar characterization, but it involves an infinite product. Let X be a set and x ∈ X. Recall that the σ -product of countably many copies of X with base
If X is a topological space, then the σ -product is usually considered with the Tychonoff or box product topology; we need a different topology, which in a certain sense occupies an intermediate position. This topology can be called uniform at the base point (x, x, . . .); we denote σ X ω with this topology by σ u X ω . Let X be a topological space and x ∈ X. The neighborhood base of the uniform topology of σ u X ω at the point (x, x, . . ., x) is
The topology at other points does not matter and can be specified arbitrarily. For definiteness, we declare all points in σ X ω \{(x, x, . . . , x)} to be isolated; then the space σ u X ω is Fréchet-Urysohn if and only if it is Fréchet-Urysohn at {(x, x, . . ., x)}.
Proof. This theorem is proved similarly to Proposition 1. Let us prove, for example, the "if" part. Let A be a π -network at x consisting of finite subsets of X. 
To characterize the FU λ property for an arbitrary λ ⊂ 2 X , we consider X |X| with the topology uniform at the point x * ∈ X |X| whose all coordinates are x; the neighborhood base of this topology at x * consists of the powers U |X| of all open neighborhoods of x in X, and all points in X |X| are isolated. The subspace
of the space X |X| with the topology uniform at x * is Fréchet-Urysohn (at x * ) if and only if x is an FU λ point in X. This is proved by the same argument as Proposition 1 and Theorem 1.
Fréchet-Urysohn topological lattices
E.A. Reznichenko made the following observation. Let X be a topological space which is Fréchet-Urysohn at x ∈ X, and let λ be a family of subsets of X. Suppose that, to each set A ∈ λ, we can assign a point a ∈ X so that a collection of sets A from λ forms a π -network at x if and only if the set of the corresponding points a also forms a π -network at x (i.e., x belongs to its closure). Then x is an FU λ point in X. To show this, we apply the following obvious remark. A ∈ A} does not contain subsets of N x , then we can find a sequence {ψ(A n )} n∈ω with A n ∈ A that has no repeated terms and converges to x, because X is Fréchet-Urysohn at x. Every infinite subset of this sequence is a π -network at x, i.e., contains x in its closure; therefore, every infinite subfamily of {A n } n∈ω forms a π -network at x (note that the restriction ψ {A n } n∈ω is one-to-one), i.e., the sequence {A n } n∈ω converges to x. Thus, the existence of a map ψ : λ → X with property ( * ) implies that X is FU λ at x provided it is Fréchet-Urysohn at x. This assertion has the following obvious generalization: If λ and λ are families of subsets of X, X is FU λ at x, and there exists a map ψ : λ → λ such that A ⊂ λ is a π -network at x if and only if {ψ(A): A ∈ A} is a π -network at x, then X is FU λ at x.
Remark 1. An arbitrary infinite countable family
For this reason, in looking for FU f spaces, it makes sense to seek among spaces in which every finite subset is naturally assigned a point, i.e., spaces with associative binary operations, that is, semigroups. The semigroup structure is however too general, and the map ψ : [S] <ω → S of the family of finite subsets of an arbitrary topological semigroup S into S that takes every finite set into the product of its elements almost never has property ( * ) even if S has a very nice algebraic-topological structure: a minimal (necessary but by no means sufficient) requirement is that S must have a neighborhood base of subsemigroups at the identity element. Thus, to obtain FU f spaces in this way, we need very special binary operations related to the topology in a very special way. A natural example of algebraic-topological objects with such a specific correlation between operations and topologies is lattices with the interval topology.
Recall that a partially ordered set (X, ) is a lattice if any x, y ∈ X have a (unique) least upper bound (or supremum, or union) x ∨ y, which is a minimum z such that x z and y z, and a greatest lower bound (or infimum, or intersection) x ∧ y, which is a maximum z such that z x and z y. In particular, any fully ordered set is a lattice. Lattices can also be given the following purely algebraic definition: A lattice is a set X with two binary operations ∨ and ∧ such that the following identities hold:
These two definitions are equivalent: for the supremum and infimum operations on a partially ordered set, identities (i)-(iv) hold, and on an arbitrary algebraic system with two binary operations satisfying identity relations (i)-(iv), a partial order with respect to which these two operations are supremum and infimum is naturally defined.
As usual, we write x < y if x y and x = y; intervals are sets of the form (x, y) = {z: x < z < y}, (−∞, x) = {y: y < x}, or (x, ∞) = {y: x < y}. Each lattice has a natural topology with the subbase consisting of all nonempty intervals; it is called the interval topology.
For a subset A of a lattice (X, ), A denotes the supremum of A, i.e., min{x ∈ X: a x for all a ∈ A}, and A is the infimum of A. An infinite set may have no supremum or infimum.
Theorem 2. If a lattice (X, ) with the interval topology is Fréchet-Urysohn at x ∈ X, then X is first countable at x.

Proof. (A) Suppose that x has no immediate predecessors in (X, ). Then x ∈ (−∞, x)
(otherwise, there exist y, z ∈ X such that x ∈ (y, z) and (y, z) ∩ (−∞, x) = ∅; clearly, y is an immediate predecessor of x). Since X is Fréchet-Urysohn, we can select a sequence {y n } n∈ω ⊂ (−∞, x) converging to x. This sequence has a -increasing subsequence {y n k } k∈ω , because each interval (y n , ∞), being an open neighborhood of x, contains some y m with m > k; of course, this subsequence also converges to x.
If x has no immediate successors in (X, ), then we can select a sequence {z n } n∈ω ⊂ (x, ∞) converging to x and its -decreasing subsequence {z n k } k∈ω in a similar manner. Clearly, the family {(y n k , z n k ): k ∈ ω} of intervals is a neighborhood base at x in X, i.e., X is first countable at x.
Suppose that x has a (possibly nonunique) immediate successor z in (X, ). Let X be the set of all elements in X -incomparable with 
Fréchet-Urysohn lattice-ordered topological groups
Let us start with some more definitions. Recall that a partially ordered group is a nonempty set G with a binary operation and a partial order such that G is a group with respect to the operation and the order is homogeneous, i.e., if x, y, z ∈ G and x y, then xz yz and zx zy. If (G, ) is a lattice, then G is called a lattice-ordered group, or an l-group. A subset Y of an arbitrary partially ordered set (X, ) is order-closed if A ∈ Y for any A ⊂ Y such that A exists, and convex if, for any x, y ∈ Y , all z such that x z y belong to Y .
A lattice (X, ) is completely distributive if, for any x αβ ∈ X, where α ∈ A and β ∈ B (A and B are arbitrary index sets),
provided that all infima and suprema in this formula exist.
A sublattice of a lattice (X, ) is an arbitrary subset Y of this lattice such that x ∨ y ∈ Y and x ∧ y ∈ Y whenever x, y ∈ Y . A subgroup of an l-group that is simultaneously its sublattice is called an l-subgroup of this l-group.
Suppose that (G, ) is an l-group and H is its convex subgroup. On the set R G (H ) of right cosets of H, induces the natural order defined as follows: H x Hy if and only if there exist x ∈ H x and y ∈ Hy such that x y (see [9] ). In what follows, R G (H ) is always assumed to be endowed with the induced order.
Completely distributive l-groups play an important role in the theory of lattice-ordered topological groups; below, we cite two useful results on completely distributive l-groups.
Theorem [4] . Let G be an l-group and D(G) denote the intersection of all its order-closed  convex subgroups H such that R G (H ) is fully ordered; D(G) is a normal subgroup of G. 
An l-group G is completely distributive if and only if D(G) = {e}, where e is the identity element of G. The quotient group G/D(G) of an arbitrary l-group G is completely distributive.
Theorem [10] ; see also [7] . An arbitrary l-group is isomorphically embedded in a completely distributive l-group as an l-subgroup. Now, we are ready to proceed to discussion of the Fréchet-Urysohn property in lgroups.
An arbitrary l-group can be considered with the interval (group) topology, but this topology is of no interest to us: first, we have already shown that the Fréchet-Urysohn property in lattices with interval topology is equivalent to first countability, and secondly, the interval topology of an l-group can only be Hausdorff and nondiscrete if the group is fully ordered. We consider l-groups with another topology introduced by Ball [2] and called the weak l-topology. This topology coincides with the interval topology for fully ordered groups and is Hausdorff for completely distributive l-groups; in addition, for an arbitrary l-group, the group and lattice operations are continuous with respect to the weak l-topology, and this topology is coarser than any Hausdorff topology with this property [2] .
Let (G, ) be an l-group and Γ be the family of all order-closed convex l-subgroups H of G such that the set R G (H ) of right cosets of H is fully ordered. For arbitrary H ∈ Γ and a ∈ G\H , put
The family S = {W (H, a): H ∈ Γ, a ∈ G\H, a > e} forms a subbase of Ball's weak l-topology. Example 1. Let X be a set and R X be the Cartesian power of the real number line. It is a completely distributive l-group with respect to the coordinate-wise addition and coordinate-wise order. It is easy to see that the subgroups from Γ have the form R X\{x} (i.e., each H from Γ consists of all maps f : X → R such that f (x) = 0 for some fixed x ∈ X) and the weak l-topology of R X coincides with the Tychonoff product topology.
We use the notation |a| for a ∨ a −1 and |A| for {|a|: a ∈ A}. We call |a| the absolute value of a. Theorem 3. Let X be a subset of an l-group (G, ) with weak l-topology, λ be a family of subsets of X such that |A| exists and belongs to X for each A ∈ λ, and X contain the identity element e of G. If X is Fréchet-Urysohn at e, then X is FU λ at e.
Proof. Let A ⊂ λ be a π -network at e in X; then it is a π -network at e in G, too. Let us show that e ∈ { |A|: A ∈ A}. Consider an arbitrary base neighborhood W = The lattice operation is preserved by the natural map φ : G → R G (H ) for an arbitrary convex l-subgroup H of G; moreover, the following assertion is valid.
Lemma [14]. A convex l-subgroup H of an l-group G is order-closed if and only if the natural map φ : G → R G (H ) preserves infinite suprema and infima.
Therefore, if a ∈ W (H, a ) for some a > e, where H is an l-subgroup of G and a is an arbitrary element in G, then |a| ∈ W (H, a ) . Indeed, by definition, a ∈ W (H, a ) if and only if a −1 ∈ W (H, a ) ; we have H a −1 < H a < H a and H a −1 < H a −1 < H a in R G (H ). The set R G (H ) is fully ordered, hence the supremum of its arbitrary two elements equals their maximum, and
whence H a −1 < H |a| < H a . Similarly, applying the equality |a| −1 = a ∧ a −1 (which is valid because (x ∨ y) −1 = x −1 ∧ y −1 for any x, y ∈ G [9] The obtained results can sometimes be coordinate-wise transferred to subsets of products of lattice-ordered groups with different topologies. (1) α α∈A , g (2) α α∈A , . . . , g (n) α α∈A = g (1) α ∨ g (2) α ∨ · · · ∨ g (n) α α∈A .
According to Remark 2, the map Ψ coordinate-wise satisfies condition ( * ) with respect to the weak l-topology on G; therefore, its restriction to [Y ] <ω also coordinate-wise satisfies ( * ). Let J be a family of subsets of the index set I . The family
a ∈ G\H, a > e, H ∈ Γ, J ∈ I is a subbase of some topology on Y . If this family is closed with respect to finite intersection, i.e., is also a base of the same topology, then it can easily be shown that Ψ [Y ] <ω satisfies ( * ); therefore, in this case, Y is FU f whenever it is Fréchet-Urysohn. In particular, if the l-group G is R, G = R X , where X is a topological space, I is a family of functionally bounded subsets in X, and the l-subgroup Y consists of functions continuous on X, then B is the subbase (and the base) of the topology of uniform convergence on the elements of I; therefore, for spaces of continuous functions with the topology of uniform convergence on elements of an arbitrary family of functionally bounded subsets, the Fréchet-Urysohn property implies the FU f property.
